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Conductance of carbon nanotubes with disorder: A numerical study
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We study the conductanceof carbonnanotubewires in the presenceof disorder,in the limit of phase-
coherentransportFor this purposewe havedeveloped simplenumericalprocedurdo computetransmission
throughcarbonnanotubesand relatedstructures Two modelsof disorderare consideredweak uniform dis-
order and isolated strong scatterersin the caseof weak uniform disorder, our simulationsshow that the
conductancés notsignificantlyaffectedby disorderwhenthe Fermienergyis closeto thebandcenter Further,
the transmissioraroundthe bandcenterdependson the diameterof thesezeroband-gapwires. We alsofind
that the calculatedsmall bias conductances a function of the Fermi energyexhibits a dip when the Fermi
energyis closeto the secondsubbandminima. In the presenceof strongisolateddisorder,our calculations
show a transmissiongap at the band center, and the correspondingconductanceis very small.
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I. INTRODUCTION

The experimentaland theoreticalstudy of carbonnano-
tubes (CNT) has recently been active becausethese low-
dimensional materials display interesting properties both
from a fundamentaphysicsandapplicationsviewpoint. The
mechanicaktrengthof CNT combinedwith their rich elec-
tronic propertieshaveled to a demonstratiorof their pro-
posedapplicationsasSTM tips ! field emissionsources and
nanoscaledevices>™ CNT can presentlybe cut to lengths
varying from tensof a nanometerto a many micrometers,
and experimentshave shown promiseas molecularwires?
On the theoreticalside, studiesof the conductancedf CNT
with single defectsand a junction betweentubeshavegen-
eratedinterestt® ashasthe low-energyexcitationspectrum
in the presenceof electron-electrorinteraction’

A metallic CNT has two propagatingsubbandsat the
Fermi energy.This canyield a maximumlow bias conduc-
tanceof 4e?/h (6.2%()). The prospecbf realizingconduc-
tancescloseto 4e?/h will significantlydependon (i) therole
of disorderand/ordefectsin reducingthe conductancef this
low-dimensionalmaterialand (ii) the ability to realize near
perfectcontactswith macroscopicsizedvoltagepads.Using
numerical simulation, we study the effect of two types of
disorder.The first type of disorderis a relatively weak uni-
form disorderthatis distributedthroughoutthe sample.This
modelhasbheenconsiderecpreviouslyin differentcontextst*

The secondtype of disorderis isolated strong scatterers.

Thesescatterersphysically correspondto lattice sites onto
which an electroncannothop easily. We find that the two
types of disorder affect the conductancein very different
mannersWe presenthe resultsof our conductancealcula-
tions in nanotubesof different lengthsand diameters.We
also make suggestiondo observesomeof theseresultsex-
perimentally. The secondcontributionof our paperis a pro-
cedurethatcanbe usedfor the numericalcomputatiorof the
transportpropertiesof CNT with defects,T, Y, and other
junctions~Y and CNT heterostructuresOur procedurein-
cludesthe effectof semi-infiniteleadsin anefficientmanner.
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The Green's-function-basetransportformulation of Refs.
18-20 is employedand is applicableto deviceswith arbi-
trary disorderedregionsandjunctions.

The paperis organizedasfollows. We discussthe model
andthe Green’s-functioomethodin Sec.ll. Thisis followed
by a discussiorof the numericalresultsin Sec.lll. We con-
cludein Sec.IV.

II. MODEL

The electronicpropertiesof CNT havebeencalculatedn
the contextof variousapproximationsWe usethe simplest
model, which assumeshe nanotubeto be an sp? bonded
network. The corresponding single-particle Hamiltonian

i S21—23

H=2 elelei+ 2 tijele;. 2.0
I i,j

Here, e? is the on-sitepotentialandt;; is the hoppingparam-
eterbetweerlatticesitesi andj. {¢!,¢;} arethecreationand
annihilationoperatorsat sitei. In the absencef defectsthe
on-site potential ei° is zero and the hopping parameteris

—3.1eV.?2 We calculatethe conductancef a structurethat
consistsof two semi-infiniteperfectCNT leadsseparatedby
aregionwith defects(Fig. 1). In the presencef defectspoth
the on-site potential and the hopping parameterchange.
Here,we only considerthe variationin the on-sitepotential,

LEFT RIGHT
SEMI-INFINITE LEAD DEVICE SEMI-INFINITE LEAD

FIG. 1. A schematigepresentatioof the structureacrosswhich

the transmissionis calculated.Our calculationaccountsfor semi-
infinite leadsconnectedo the disorderedregion.
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In the caseof a uniformly distributedweak disorder, ¢; is
randomlychoserfrom theinterval = | €,,,q0n at everylattice
point. Increasing €;andom COrrespondsto increasing the
amountof disorder.In the caseof substitutionadefects,de;
is setto alargenumberat somerandomlattice sites.In areal
sample,de; would be expectedo havea finite spatialextent.
In this paper,the finite spatial extentis neglectedand the
randomcomponents treatedasa o-function potential.

The transmissioncoefficient betweenthe left and right
leadsis calculatedusing the expressioft?°

€

T(E)=tr(T' G'TG?). 2.3

The couplingof the deviceto the left andright leads,I"; and
I'r, is given by

I'(E)=27ViIm[gy(E) V4, (2.9
|
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For this purposewe divide the structureinto smaller units,
eachunit typically representingpne or a few rings of atoms
alongthe circumferenceof the tube. The diagonalsubmatrix
A; (dimensionof N; X N;) represent&l —H —3; — 3 of the
ith unit and the off-diagonal submatrixB;; (dimensionof
N; X Nj) representthe couplingbetweerunitsi andj, where
N; and N; are the numberof sitesin unitsi andj. O are
empty matrices.In the near-neighbotight-binding scheme,
Bi; is nonzeroonly when|i —j|=1. Hence,thereis a block
tridiagonal structurefor Eq. (2.5). Calculating the phase-
coherent transmission coefficient involves only the off-
diagonalcomponenif the Green’sfunction connectingthe
left andright endsof the device(Gy;,). This furtherreduces
the labor to computethe transmissiorcoefficient. We solve
for GJ; by using an efficient block tridiagonal elimination
procedurelJsing this procedurewe areableto calculatethe
transmissiorcoefficientthroughlong disorderedregions.

The Green’s function gy, is calculatedvia an iterative
proceduré* The matrix equationcorrespondindo the semi-
infinite leadsis the sameasEq. (2.6), only thatthe matrix is
semi-infinite,with all A;=A=E—H +i» (evaluatedata unit
in lead k) and Bij=B}i=B. The equationsfor Ty and X
involve only the submatrix{ g;].1, which correspondso the
semi-infinite Green’sfunction of the unit in lead k that is
closestto the deviceregion. From Eq. (2.6), [g;]11 IS given
by the following equation?*
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wherek e L,R. g,;(E) is the Green’s-functionmatrix of the
kth semi-infinite lead, G" and G? are the retardedand ad-
vancedGreen’s-functionmatricesof the device (including
the couplingto the semi-infiniteleads, and V) is the matrix
that couplesthe kth lead to the device (disordered region.
The traceis over the device nodes.To obtain the Green’s
functions,we solvethe following equation:

(El-H-3| -3R)G'=1, (2.9

whereX; = V,tg,’;(k e L,R)V, representghe self-energydue
to the semi-infiniteleadsand| is the identity matrix of di-
mensionequalto the numberof devicelattice sites.In gen-
eral,for a structurewith N atoms,solvingfor all elementof
the Green'’s function involves inverting an NXN matrix.
Computationatesourcedimit the sizeof the systemthatcan
be consideredHowever, by careful ordering of lattice sites
the matrix correspondingto Eg. (2.5) is block tridiagonal

[Eq. (2.6)].

o) 1 1
o) 0 o
O o O
O o =| O (2.6)
0] o O
Bn-1n N1 0
An Gin o)
[
I
[gx]11= 2.7

E-H+ip—-BYg;]liB

The current acrossthe device is calculated using the
Landauer-Buttikeformula,

I 2.9

2e
= | aerErs.E) - e,

wherethe factor 2 accountsfor spin degeneracyf,(E) and
f>(E) arethe Fermifunctionsof the wavesincidentfrom the
two contactgo the device.Notethatin the presentwork, we
calculateonly the phase-coherentransmissioncoefficient
(the effect of electron-phonorinteractionis neglecteg and
thattemperaturelependencés only via the Fermifactorsof
electrons.Two importantconsiderationsn a calculationof
currentare the equilibrium location of the Fermi level with
respectto the bandbottom of the devicewhen connectedo
the contacté® and the self-consistenpotential profile of the
devicein the presenceof an applied bias. We assumethe
caseof reflectionlesscontacté®?° and considerthe scenario
where the Fermi energy can be varied with respectto the
bandbottom of the CNT. The ability to vary the Fermi en-
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FIG. 2. Transmissionversusenergyfor a (10,10 CNT with
disorderdistributedover a length of 1000 A. The significantfea-
turesherearethe robustnes®f the transmissioraroundthe zero of
energy,asthe strengthof disorderis increasedandthedip in trans-
missionat energiescloseto the beginningof the secondsubband.
The insetshowsenergyversuswave vectorfor thefirst (solid) and
the second subband (dashegt the velocity of electronsat the
minima of the solid line is zero.

ergy in a CNT has been demonstratecexperimentallyin
Refs.3, 27, and 28. The potentialin the deviceis not calcu-
latedself-consistentlyandwe simply assumea lineardropin
the applied potential, while calculatingthe current versus
voltagecharacteristics.

Ill. RESULTS AND DISCUSSION
A. Weak uniform disorder

In a conventional one-dimensional chain, electrons
traverseonly a singleeffective pathacrosshe leadsandasa
resulttransmissions significantly alteredby small amounts
of disorder?® In comparisonglectronsin a CNT cantravel
arounddefectsbecauseof the larger numberof atomsin a
crosssection(the numberof modesis only two at the band
centej. An importantissueis how disorderaffectsthe con-
ductanceof CNT wires. We calculatetransmissionby this
we meanthe sum of the transmissioncoefficient over the
incidentmodes X2, T,) asafunctionof boththelengthof the
disorderedregion and the magnitudeof disorderusing the
proceduredescribedin Sec.Il. Transmissiorversusenergy
andconductanceersusgatevoltagefor oneconfigurationof
disorderareshownin Fig. 2. Transmissiorin a CNT hasthe
following featuresthat arein commonwith a single-moded
one-dimensionathain:rapidly varying peaksthatsignify lo-
cal resonancesreatedby disorderand decreasén the aver-
age value with increasingdisorderas the mismatchin the
energies of the resonancesincreaseswith increase in
disorder*?°

We now discussfeaturesthat are typical of carbonnano-
tubes.Figure 2 showsa significantreductionin the transmis-
sion coefficientat energiescloseto the beginningof the sec-
ond subbandevenfor weakdisorderstrengthsThis leadsto
a dip in conductancevhen the Fermi level is closeto the
beginningof the secondsubbandFig. 3). The origin of this
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FIG. 3. The low bias conductancerersusgate voltage for the
structureusedin Fig. 2. The figure clearly showsthe dip in the
conductancevhenthe Fermienergyis closeto the secondsubband
minima. At the lower temperaturefeaturesdue to the quasibound
resonances the disorderedegionarenot averageaut whencom-
paredto the high-temperaturease.

dip is dueto low velocity electronsin the secondsubband
and can be understoodas follows. In a perfectlattice, the
velocity (dE/dk) of electronswith the quantumnumberof
the secondsubbandand with an energycloseto the begin-
ning of the secondsubbandis nearly zero. These low-
velocity electronsare easily reflectedby the smallestof dis-
orders. Disorder causesmixing of the first and second
subbandsAs aresult,electronsncidentin eithersubbandat
theseenergiedevelopa largereflectioncoefficient(in com-
parisonto energiescloseto the bandcentey. Increasingthe
disorderstrengthresultsin further reductionof the conduc-
tanceand also resultsin the broadeningof the dip. Subse-
quentto Eqg. (2.2), we mentionedthatthe finite spatialextent
of J¢; is neglectedin our study. A modelthat includesthe
finite spatial extentof de; would require larger lengths of
disorderedregionsto seedips whosemagnitudeis compa-
rableto thosein Figs. 2 and 3. The resultsin Fig. 2 arefor
one random configuration of disorder distributed over a
lengthof 1000A. We havecarriedout simulationsover dif-
ferentlength scalesand disorderconfigurationsand our re-
sults for the averagetransmissiorat the band center,aver-
agedover morethana thousanddisorderconfigurationsare
summarizedn Fig. 4. Theimportantpoint hereis thatfor the
smaller disorder strengths,the averagetransmissionof a
micrometer-long10,10 tubeis not significantly affectedby
disorder thusdemonstratinghe relative robustnessf trans-
port at the band center.For disorderedregionslarger than
somelocalizationlength(L,), the conductancef quasi-one-
dimensionalsampleshas beenpredictedto decreasesxpo-
nentially with length, g=g, exp(—L/Ly), in the phase-
coherentlimit.** For lengths shorter than the localization
length,the decreasén conductancés not givenby this equa-
tion. We observethis to be the casein our simulations(inset
of Fig. 4). The values of L, correspondingto disorder
strengthsof 1 eV and 1.75 eV are 3353 A and 1383 A,
respectively.

We also computetransmissiorfor nanotubesf different
diametersThis study illustratesthe effect of the numberof
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FIG. 4. The conductanceversuslength of the (10,10 CNT.
While for the large disorderstrengthsthe conductances signifi-
cantly affectedby disorder,the conductancés reasonablyarge for
the smallervaluesof disorder.This demonstratethe robustnessf
thesewires to weakuniform disorder.Inset: log(Conductancever-
suslengthfor disorderstrengthof 1.75eV in a (5,5 CNT. Thesolid
line (filled circle) correspondgo the simulation and the dashed
line (empty circle) corresponds to that obtained using
g=goexp(—L/Lo).

atomsin a crosssectionof the wire. We comparetransmis-
sion of the (10,10 tube with thatof (5,5 and (12,0 zigzag
tubes.The diametersof thesetubesare 13.4 A, 9.4 A, and
6.7 A, respectivelyFor the (10,10 and(5,5) tubes the band
structuresat energiescloseto the Fermienergyaresimilar !
But the numberof atomsin a unit cell of a (5,5 tubeis only
half of thatin a (10,10 tube (they have 20 and 40 atoms,
respectively. Figure 5 showsthe averagetransmissiorver-
suswire length. The importantpoint hereis thatin spite of
theidenticaltransmissiorof a disorder-freg10,10 and(5,5)
tube at energiesaround the band center, transmissionis
smallerfor the (5,5 tubein the presencef disorder.Thisis
becausehe (5,5 tubehasa smallernumberof atomsaround
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FIG. 5. The averagdransmissiorat the bandcenterversusdis-
order strengthfor wires of different diameterand chirality; the
transmissiorhas beenaveragedover a thousanddifferent realiza-
tions of the disorder. The main feature here is that the average
transmissiondecreasesvith a decreasein the numberof atoms
alongthe circumferenceof the wire (seetext).
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the circumference thus reducing the number of paths by
which electronscantravel arounddefectsand acrossthe de-
vice. To supportthis viewpoint, we comparetheseresultsto
conductanceof a 1000 A long (12,0 zigzagtube. We find
that transmissionis in betweenthat of the (10,10 and (5,5
tubes(Fig. 5). This is becausehe (12,0 tubehasa diameter
thatis in betweerthatof the (10,10 and(5,5) tube,andasa
resultthe numberof effective pathsis largerthanthat avail-
ableto a (5,5 tubebut smallerthanthat of a (10,10 tube.
Recently,arm chair, zigzag,and tubeswith chiralitiesin
betweenhave been experimentallycharacterizedby STM
imaging3%3! Transportmeasurementsf single-wallCNT at
low temperatureshave so far been limited by Coulomb
blockade due to large barriers at the contact-CNT
interface®?’ Disorder of somedegreeis boundto exist in
CNT samplesandwe believethatthe variationin thelinear-
responseonductancevith the gatepotentiaf? andthe dip in
the conductancat energiescloseto the crossingof the first
andsecondsubbandganbe observedn situationswherethe
contactresistances not the dominantfactor. The lengthde-
pendencef the conductanceanalsobe studiedby varying
the length of the tube betweenthe electrodesOne caveatis
that phononscatteringwill causeanincreasen the low bias
conductancen the presenceof strongdisorderwith an in-
creasein temperatureOur calculationsare relevantat low
temperaturesvherephononscatteringis not significant.

B. Strong isolated defects

An electroncannothop on to sucha defectsite eitherdue
to a large mismatchin the on-site potential or weak bonds
with its neighbors(Sec.ll). Scatteringfrom a single defect
causesa maximumreductionin the transmissiorat the band
centerE=0. For example the transmissiorof a (10,10 tube
reducesrom 2 to approximately0.94dueto a singledefect®
We areinterestedn the effectof afew suchdefectsscattered
randomlyalongthe lengthof the tube.Reflectionfrom more
thana single defectcauseghe creationof quasiboundstates
alongthe tube,the exactlocationsof which are sensitiveto
the position of the defects.We find that a significantfeature
that is independentf the exactlocation of thesedefectsis
the openingof atransmission gap at the centerof thebandas
defectsare added.The secondfeature that we seein the
simulationsis that the width of the transmissiongap in-
creasesvith anincreasdn the defectdensity. The transmis-
sion has sharp decreasesit energiescorrespondingto the
openingof the secondsubbandbut this effect is relatively
weak comparedo the previouscaseof disorder.The simu-
lation resultsillustrating thesefeaturesareshownin Figure6
for a wire of length1000A with ten defectsscatteredalong
the lengthrandomly.As a resultof the transmissiorgap,the
low biasconductancés greatlyreducedrom the defect-free
case,at zerogatevoltage.Conductancdurther dependssig-
nificantly on temperaturdinset of Fig. 7(a)]. In summary,
while the conductances not significantly affectedby rela-
tively weakuniform disorder(Figs. 3 and4), we find thatthe
conductancenereis much smallerthan 2e?/h at zero gate
voltage.Conductancéncreaseswith gatevoltage,with fea-
tures of resonanceslue to the quasiboundstatessuperim-
posed.Thesefeaturesget averagedout with an increasein
temperatureWe also calculatecurrentas a function of ap-
plied voltageby assuminga linear drop in the appliedvolt-
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FIG. 6. The transmissionversusenergyfor a (10,10 CNT with
ten strongisolatedscatterersprinkledrandomlyalong a length of
1000A. The main predictionhereis the openingof a transmission
gaparoundthe zero of energy.Inset: Comparisonof the transmis-
sion for tubesof lengths1000A (solid) and 140 A (dashedl with
ten scattererdn eachcase.The transmissiorgapis larger for the
larger defectdensityandthe sharpresonancesloseto the zero of
energyare suppresseavith increasingdefectdensity.

age. Transmissiorat eachappliedvoltageis computedand
then we use Eq. (2.8) to calculatethe current. The main
featurein the I-V characteristids the smallincreasein cur-

rentwith appliedvoltagecloseto the zeroof appliedvoltage
(Fig. 8). The experimentalork in Ref. 4 measuredhe |-V

characteristicoof a CNT rope. One of their main findings
was that the differential conductances very small at zero
bias and that it increaseswith an increasein applied bias.
The qualitativefeaturesof Fig. 8 aresimilar butanimportant
differenceis that the experimentsvere performedon a rope
of single-walledtubes,in which caseit hasrecently been
predicted that a band gap could open due to tube-tube
interactions’

IV. CONCLUSIONS

We presenta method to calculate the phase-coherent
transmissionthrough nanotubesusing a Green’s-function
formalism that can include the effect of semi-infinite leads
and can handle many defectsand junctions with relative
easeWe usethis formalismto studytheimportanceof scat-
tering due to disorder.Two simple modelsof disorderare
considerechndtheir effect on the conductances discussed.
In the presenceof weak uniform disorder,we find that the
conductancés not significantlyaffectedby disorderandthat
the wires behaveas reasonablygood quantumwires. For
examplea micrometer-long(10,10 CNT with a disorder
strengthof 1 eV (sectionll) hasa conductanceomparableo
0.16(e?/h). We predict that an experimentinvolving mea-
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FIG. 7. Theconductancat T= 300K for thecasein Fig. 6. The
low conductancat zerogatebiasrepresentshe transmissiorgapin
Fig. 6. Thetransmissiorresonancesf Fig. 6 getaveragedut here.
The inset compareghe effect of temperatureon the conductance.
Closeto zerogatevoltage,the conductanceés clearly suppressedt
the lower temperature.

suremenbf conductanceersusgatevoltagewill showa dip
in conductancevhenthe Fermienergyis closeto the open-
ing of the secondsubbandFig. 3). We comparethe conduc-
tanceof wireswith varying diametersandfind thatthetrans-
mission (conductance increaseswith the diameterof the
tube for a given disorderstrength(Fig. 5; note that in the
absenceof disorderthe conductances independenbf the
tube diameterat zero gate voltage. We attribute this to a
decreasén the numberof effective pathsby which an elec-
tron can traverseacrossthe device with a decreasen the
diameter.The secondype of defectconsidereds strongiso-
lated scatterersin contrastto the previoustype of disorder,
this disordercreatesa gap in the transmissionat the band
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FIG. 8. The current (shifted by —0.4 units along the current
axig) versusappliedvoltagefor the samestructureasin Fig. 6. The
dashecturveis the differential conductancewhich is very small at
low appliedvoltages.
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centerand a correspondindarge reductionin the low bias
conductanceSuchdisorderwould destroythe good conduc-
tance propertiesof the wire at the band center. The work
presentedis basedon numerical simulations. Of interest
could be further conductanceexperimentsto look for fea-
turesdescribedin this paper.Carbonnanotubegrovide an
unprecedentedatural scenariofor wires with a few modes
and a relatively small cross-sectionabrea. An analytical
study of the effect of disorderin thesesystemsand the de-
pendenceof the conductances a function of diameterand
chirality would be useful. Also of interestfor future work
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would be a study that includesthe effect of phononscatter-
ing.
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